


NONLINEAR MODELING OF TRUSS-PLATE JOINTS

By Leslie Groom' and Antoa PoIeaJek1

A88TRACT: A theoretical model is developed for predicting mechanisms of load
transfer betWeen a wood member and a metal die-punched trUSS plate. The model.
which trealS a tnDS-piale tocxh IS a beam Oft an inelastic fowldltioo of wood and
applies Runae-Kutta numerical analysis to solve the governing differentia1 equa-
tions. predicts the load-disp1acement trace and ultimate load of truss-plate joints.
The model is verified with eipt tnDS-piate joint types. three of which varied the
number of teeth and five the plate and grain angle. Theoretical and experimental
k>ad-displacement traces show &GOd apee_nt. Experimental t~ show no sig-
nifICant difference betWeen multiple teeth in rows and columns. indicatinl little
stress interaction among teeth. The theoretical modcla«urately predicts the ul-
timate load and failure modes for compkte joint test types. which vary with plate
and grain geometry: teeth face bearing Oft end grain failed by tooth withdrawal or
plate tensile failure. teeth edge bcarinlon end &rain faj)ed by plate peelbacx. and
teeth beann. on side grain failed in wood perpendicular to grain.

INTRODUCTION

Light-frame wood trusses are extensively used for supporting roofs and
floors in the construction of residential', commercial, and fann buildings.
Truss joints usually consist of light-gauge steel plates with die-punched teeth.
An accurate model of stress transfer and defonnations within the joint must
account for nonlinear onhotropic behavior of such variables as tooth crush-
ing of wood and frictional resistance of a tooth to an applied lateral load.

Kuenzi (1953) was the first to apply beam-on-elastic-foundation theory
to model laterally loaded joints with connectors such as bolts and nails. He
applied solutions of Hetenyi (1946) and considered a connector as a beam
supponed by wood acting as an elastic foundation. Although wood behaves
linearly when compressed by small loads, it behaves nonlinearly in truss-
plate joints due to the crushing of the wood during tooth penetration,
necessitating modifications in Kuenzi's solution.

Wilkinson (1971) presented a theoretical analysis based on Kuenzi's work,
which still had a linear foundation modulus but increased the degree of
sophistication for nailed joints by using polynomial functions to represent
nonlinear slip between wooden members. Foschi (1974) and Foschi and
Bonac (1 m) modeled the load-slip characteristics of joints nailed with
predrilled steel plates, commonly used in the 19705, by the finite-element
method. His model included nail yielding and nonlinear modulus of wood
foundation detennined by nonlinear least-squares fit of experimental data.
Foschi and Longwonb (1975) presented a semianalytical, finite-element
technique that predicted strength based on the failure of plate fasteners. In
subsequent work on truss plates with die-punched teeth, Foschi (Ima,
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1977b) treated plate joints as continuous systems and calculated slip values
by an iterative virtual-work method. with the foundation modulus modified

. by Hankinson's formula for the varying angle between wood grain and
plates. Foschi (1979) later incorporated this work into the analysis of entire
truss systems.

Hirai (1983, 1985) and Tsujino and Hirai (1983) have recently developed
numerical methods to solve beam-on.elastic.foundation equations of bolted
wood joints with steel side members. They divided the curvilinear load-
embedment curve into several linear sections and then solved the problem
numerically by a stepwise linear analysis. An analogous approach could be
used to describe truss-plate behavior.

The objective of this investigation was to develop a model for predicting
the mechanism of force transfer between wood members and truss plates.
The inputs are grain orientation and plate geometry. including orientation
of the teeth. and material properties of connected members and plates. The
outputs are joint slip and plate-tooth deformations for all loading regimes
up to the ultimate load.

THEORETICAL PROCEDURE

Mooel Description
The concept of beam-on-elastic fo1,indation was selected as a basis in this

study because of its successful use in modeling mechanical joints. Existing
concepts were modified to account for: (1) Inelastic behavior of the tooth
and wood foundation as it related to the bearing pressure and location along
the tooth length; and (2) changing moment of inertia along the tooth length.

Material Properties
By allowing moment of inertia to vary along the tooth length. the model

more accurately represents the actual tooth cross section. In addition. the
possibility of plastic-hinge formation in the tooth is included at the tooth-
plate connection where the maximum loading takes place.

The direction of the grain in the wood affects the load-embedment trace
(Fig. 1). For a tooth bearing parallel to the grain. the trace generally has
two linearly elastic regions joined by a small curvilinear section (Fig. 1) and
can be represented by four linear regions associated with four deflection
domains based on foundation moduli obtained from testing. For a tooth
bearing perpendicular to grain. foundation moduli were obtained by a non-
linear least-squares analysis of experimental data.

The inelastic behavior of the foundation modulus was accounted for by
using a conventional step-by-step loading procedure. which involved sub-
dividing the load acting on the tooth into small increments during which
the joint was assumed to behave linearly. The linear responses were then
evaluated and accumulated for each increment.

Governing Differential Equations
In a typical truss-plate tooth under lateral load, P = the load transferred

through the joint, M is caused by the resistance of the tooth to rotate about
the point of its attachment to the plate, and N = a withdrawal force that
appears when the tooth and wood defoml (Fig. 2). The resistance to P is
dictated by the foundation modulus of wood, k, while N is resisted by the
friction force with coefficient, ~.

The effect of N is included in the conventional equation for the beam on
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elastic foundation as follows. Differentiation of the equilibrium equation
between the frictional and withdrawal forces, dN = ~ydx. gives

~- ~dx2 - J1k dx (1)

in which y = tooth deflection at point x (Fig. 2). Summing moments about
point A of the free-body diagram in Fig. 2 and applying E/(d2y/dx2) = - M
gives the equation governing the equilibrium for flexural. withdrawal. and
shear forces:

d3y dy ~b ky -Elxd;J - N~~ + V~ + TY + Tdx - 0 (2)
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in which E = tooth modulus of elasticity; l~ = tooth moment of inertia.
whIch varies as a function of x; and v~ = shear force. Differentiation of (2)
and substitution of (1) and the expressions dV = kydx and dN = IA. kydx
into the resulting equation gives

u~~ ~Hz d1y
~~'-EI~~+Elz+ Elz diP =0 Eqs. (1) and (3) are the two differential equations that govern the transfer

of forces between the plate tooth and wood. The variables k and N are
functions of y, which makes (3) a nonlinear differential equation for which
a closed-form solution could not be found. As an alternative, the two equa-
tions were solved numerically by a Runge-Kutta analysis.

(3)

Boundary Conditions
During initial stages of analysis, the boundary conditions of the tooth are

those of a rigid cantilever beam on an elastic foundation with slope equal
to zero at the tooth-plate interface. However, when M exceeds the yield
moment of the tooth, the boundary conditions are modified to allow tooth
rotation while applying a constant moment, thus simulating the formation
of a plastic hinge at the tooth support. The starting boundary conditions
are:N(O) = N,N(L) = O,dyldx(O) = O,d3yldx3(O) = -PIE/. d2yldx2(L)
= 0, and d3yldx3(L) = O. After the hinge formation, the tooth is allowed
to rotate about its base. This rotation is restrained by a moment equaling
1.5 times the yield moment, thus behaving as a rotational spring. The value
of 1.5 times the yield stress was chosen as the plastic hinge origin to allow
the hinge to spread throughout its rectangular cross section (Beedle 1958).

The frictional forces in the model act on the three sides of the tooth that
remain in intimate contact with the wood throughout loading. The two
nonbearing tooth sides have constant frictional forces that are a function of
the tooth width. The bearing surface of the tooth has a frictional force
proportional to the absolute value of the lateral deflection. The nonbearing
topside of the tooth is generally not in contact with the wood during loading
and thus is assigned no frictional force.

Numerical Solution
Fig. 2 illustrates the subdivision of tooth length into intervals of length,

~x. within which material and geometric properties are constant. Runge-
Kutta analysis projects current estimates for solutions at the end of the ith
interval from values of the previous estimate. i-I until all n intervals have
been accounted for. Several types of Runge-Kutta analyses exist, but this
study developed from the following founh-order coefficient (Hornbeck 1975):

yY"'I) = yJi) + 4.x {~f(yJi). XliJ) + j f[qY'" 1/2), x'i...1/2)]

+ ~f[qf{+1/2),X(i+I/2)] + ~/(q1i+I)'X(i+I)]} (j = 1,2,...,6) .. (4)

in which YI = tooth displacement; Y2 = tooth slope; Y3 = moment; Y. =
shear; y, = frictional force between tooth and wood; and Y6 = frictional
rate of change along tooth length, q\i+ 1/2) = yip + 4x/2 f[Y<f. X(i)],
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q(I+I/2) - ~I) + boxI2/Iq\I+I/2), X(I+lI2)], and q~;+I) = Y<J/) + box/Iq!I+I/2),
XG+I/2)]. &culations for Intermediate coefficients ql' qz, and q) proceed
from the previous estimate, i, along box to the interval midpoint, i + 1/2,
and finally to the interval terminus where the cunent estimate is calculated
at i + 1 (Fig. 2), until n tooth intervals have been accounted for.

Runge-Kutta analysis is limited to initial-value, first-order linear or non-
linear differential equations, so (1) and (3) were transformed into six equiv-
alent flrst-order differential equations:

~-Yz ~., ~ (S)

dyz .
(6)b - Y3 ~ ...

~ =Y4 ) ~ (7

~ = y, ~ (8)

y,y, - kyl - (~- h)Y.] (9)~_..!-
dx £1

~=lA.ky2 (10)

The unknown initial values, y(O). d2yldx2(0), and dNldx(O), must be deter-
mined from the boundary conditions, d2yldx2(L), d3yldz3(L), and N(L),
respectively. Runge-Kutta solutions for the nth interval are compared to
the aforementioned boundary conditions. If agreement between the bound-
ary conditions and Runge-Kutta solutions is not within tolerance. new initial-
value estimates are determined from a Newton-Raphson technique (Horn-
beck 1975), which include panial derivatives of deformations at the tooth
end. This analysis gives the values of deflection and its derivatives at any
location along the tooth. Boundary conditions, material propenies. and
loading regimes can be easily altered, and their effect on the model studied.

Failure Criteria

Single-Tooth Joint
The theoretical maximum load a single-tooth joint could withstand was

defined as the lateral load at which tooth withdrawal resistance was exceeded
by the normal load caused by friction. Loading was applied incrementally
with results accumulated. Normal load was taken as the product of tooth
slope at the tooth-plate interface and lateral load. Withdrawal resistance
was frictional resistance. as calculated from the Runge-Kutta analysis. in-
tegrated over tooth length. This failure mode was valid for all tooth ori-
entations.

Complete Joint
The complexity of the failure mechanism increases when a full compliment

of teeth is considered, with joint load being the cumulative load acting on
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a tooth m~ltiplied by the total number of teeth. Although tooth withdrawal
is still a criterion for joint strength. the higher loads attained in complete
joints result in higher stresses for the wooden members and truss plates than
predicted by analyzing individual teeth because bearing stresses from one
tooth spread over the adjacent teeth. These cumulative stresses from several
teeth can be critical depending on tooth and grain orientation.

A failure criterion. based on wood strength. prevails when the grain angle
is perpendicular to the applied loading. The ultimate load is based on a
combination of tensile strength perpendicular to grain and rolling shear
strength. As loading reaches the tensile strength perpendicular to grain. a
crack results parallel to the grain at the perimeter of the truss plate. This
crack significantly weakens the joint by transferring all stresses into an
equivalent tixed-end moment beam of wood material pulled away from the
wood section. with the length equal to crack length. depth equal to overlap
length of the plate. and thickness equal to tooth length. The joint supports
increasing loading until the rolling shear strength of the connecting wood
is exceeded.

Another failure criterion relates to plate strength. The joint is assumed
to fail when the tensile strength of the plate. based on the minimum plate
cross-sectional area. exceeds its ultimate value. In yet another criterion. the
plate is a11owed to rotate when the cumulative moment acting on the out-
ermost row of teeth exceeds the bending strength of the plate. This rotation
allows the bottom row of teeth to withdraw from the wood and remaining
teeth to carry the joint load. As loading is increased the next row of teeth
is again allowed to rotate.. resulting in additional plate rotation and trans-
ference of the load to yet fewer teeth. This process continues until all rows
of teeth have peeled back. at which time the joint fails completely.

Elbow Joint
The array of truss plate teeth in the elbow joint is analyzed in a manner

analogous to rivets in steel plates (Shigley 1977). The truss-plate center of
rotation about each member is calculated by

.f - - (11)

~

2 k.",x~I

f - --J .. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (12)
L km

1

in which km = the foundation modulus of tooth m = Ym = associated tooth
deformation. IndiyjduaJ k",s are adjusted for varying grain and plate angle
by Hankinson's formula. The centroid of each plate is determined for each
iterative load step. The moment and shear loads acting on the truss plate
of each member are distributed to each tooth based on the radial distances
from the center of rotation to the center of each tooth. Joint deformation
is th"en calculated from the corresponding tooth displacements. with failure
occurring when the withdrawal resistance of the teeth is exceeded.
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Computer Program
A program in Microsoft Fortran. called TRUSSCON. was written for the

microcomputer. The inputs are material properties. friction coefficient tooth
and grain orientations. tolerances for terminating iteration procedures. and
loading specifications. The program evaluates the moment of inertia for
each tooth segment before going into the actual analysis.

The primary subroutine calculates Runge-Kutta coefficients for each tooth
interval. which are necessary to evaluate deflection and stresses. Deflection
and stresses are accumulated in the main program with each incremented
load. The main program also checks for joint failure and system conver-
gence. Elbow joints are managed in a subroutine that determines the center
of rotations about the truss plates. foundation modulus under each tooth.
and overall joint displacement. For computational purposes. each tooth was
divided into 10 intervals while the load was changed at 2-lb (0.9-kg) incre-
ments. Tolerances for the root estimates were 0.05% and 0.0005 in. (0.001
cm) for the displacement at the base of the tooth.

PROCEDURE ACCURACY

The accuracy of the developed procedure and program were verified by
testing truss-plate joints and comparing observed and predicted results. Test
specimens consisted of eight joint types with varying number of teeth, plate
angle, and grain angle. Additional tests included those to determine for-
mation modulus for tooth bearing and wood modulus of elasticity, which
provided the input for the model analysis.

Experimental Procedure

Evaluation of Wood Properties
Experimental truss-plate joints were constructed from II boards with a

wide range of specific gravities. Boards were Douglas fir. 2-by-4-in. No.1
and Bener grade. from two manufacturers in the upper Willamette Valley.
Oregon. where this species and grade are typically used (Groom 1988).

Four different foundation moduli were determined for each board by
embedment tests. The tooth was oriented either flat or on edge while the
grain orientation was either parallel or perpendicular to the applied embed-
ment load. A I.S-in. (3.81-cm) metal cube. with two grooves for different
tooth orientations. was clamped to a sample of wood. An individual tooth
cut from a truss plate was completely driven into the wood at the wood-
cube interface. The cube and the tooth were then removed. leaving a slight
embedment mark. which simulated crushed wood from tooth driving. The
0.3-in.- (0. 76-cm-) long loading head simulating a tooth oriented either on
edge or flat was then forced into the embedment mark at a rate of 0.03S
in./min (0.089 cmlmin) until completely embedded. Three or four load-
embedment traces, depending on the joint test type. were acquired for each
board and appropriate tooth and grain orientation. The foundation modulus
was then determined on the basis of the length and width of the embedment-
loading head along with the average load-embedment trace for a given board
and tooth and grain orientation (Tables I and 2).

Specific gravity and moisture content were measured on I.S-in. (3.81-cm)
wooden cubes taken from the joints after testing. Modulus of elasticity was
determined in bending on O. 7S-by-O. 7S-by-12-in. (1.91-by-I.91-by-30.48-cm)

2520



c"!"si"!.A
.a;c'C.!!.2.~'SIc0i'0§0~~c'2!.~I::-IU-'~

_I!~
i

IiE~a..
~"3~~~&u~

ls

g..1J§:
11. ]a

I
O

IQ
O

I 
~

..~
~

O
IO

I~
~

N
~

O
I~

~
~

-~
-

--"""."'fO
\fO

\~
~

~
O

IC
O

l-Q
O

--~

I
I"- 

0\ 
to. 

-."'W
\.""

..:@
: ~

=
=

~
~

~
~

;§~
~

~
$r-e:.~

E

..: e:1 ~. ~ ,;; ;, E
 ~

 ; ; ~
 ~

 ,;; ,;; ~ ~
 ~

 ~

.~
I

"'N
W

')~
O

\W
')W

')N
--~

O
\""""W

')O
\

.C
~

~
~

~
~

~
~

~
..=

.~
~

~
~

..§:
I~

~
~

~
~

~
~

~
~

~
~

~
~

~
~

~
=

ooo=
oo~

=
oo~

~
o~

~

"':ei:
I~

~
~

~
~

~
~

~
~

~
~

~
~

~
~

~
~

Q
Q

Q
Q

Q
=

~
=

=
Q

~
~

Q
n~

I$~
~

~
~

~
$$~

~
~

~
!~

~
I

oooo=
=

=
=

o=
oo~

o~
=

~
~

~
~

~
~

~
~

~
~

~
JJJ~

~

N
f"\"'W

')-o""C
o.~

-o,...C
o.~

~

2521

~~§~c'C..8.a~~.-g.8"
~c0.c'C..8.a~0"II.:
..9-

~'3~c.2.aG~..9-

II

~
-u!z



.
TABLE 2. Parameters Defining Foundation Modulus for Teeth Bearing Perpen-
dicular to Grain

Joint
types

(1)

S"
(5)

6.7.8 (diagonal)
6.7.8 (diagonal)
6. 7. 8 (diagonal)
6. 7. 8 (diagonal)
6. 7. 8 (diagonal)
6.7.8 (diagonal)
6.7.8 (diagonal)
6.7.8 (diagonal)
6.7.8 (diagonal)
6. 7. 8 (diagonal)
8 (horizontal)

Note: ki = foundation modulus for: i = O. tooth bearing on face; and i = 90. tooth
bearing on edge. Foundation modulus: k - A + 2Bd (A in MPa/mm. B in MPa/mm2).

samples removed from the joints after testing. Coefficients of friction values
were those obtained by Atherton (1982).

The die-punched truss plates in this study were made of 20-gauge grade
C sheet metal. 3-in. (7.62-cm) wide and 4.5-in. (11.43-cm) long. with an
average tooth density of 7.1 teeth/sq in. (1.10 teeth/cm2). Average tooth
width. effective thickness. and length were 0.087.0.050. and 0.393 in. (0.127,
0.221. and 1.00 cm). respectively. Each tooth was theoretically divided into
four regions of unequal length to account for changing dimensions along its
length. Spacing between main columns was 0.50 in. (1.27 cm). with teeth
from offset columns 0.25 in. (0.64 cm) apart. Row spacing was staggered
at 0.42 in. (1.07 cm) and 0.14 in. (0.36 cm) apart.

Joint Construction and Testing
Of the eight joint types tested (Fig. 3), types 1-3 were constructed to

discern the load sharing among the teeth in a row and among teeth in a
column. Types 4-7 were constructed to evaluate the model's accuracy for
varying tooth and grain angle. Type 8 tested the model's ability to analyze
elbow joints. Epoxy adhesive was applied to the teeth of the upper member
of each specimen to ensure failure in the lower member, which was equipped
with displacement transducers. Adhesive was also applied to reduce slippage
in the adhered portion of the joint. allowing a more precise measurement
of displacements in joints tested. In accordance with Canadian Standards
Association ("Methods" 1980), all teeth within 0.5 in. (1.27 cm) of the end
and 0.25 in. (0.64 cm) of the edge were milled smooth. The joints were
kept in a controlled hygrothermal environment for at least 72 hours to allow
for relaxation of stresses induced by pressing.

The load was applied at a constant displacement rate of 0.025 in./min
(0.0635 cm/min) such that failure occurred in 5-20 min. Load and deflection
readings were acquired at a rate of two readings per second by a micro-
computer with an automatic data-acquisition system.

The five boards used in joint types 1- 3 needed only the foundation moduli
for tooth-face bearing parallel to the grain. The six boards used for types
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FIG. 3. Joint Typee with V8rying Number of T88Ih (Type 1-3) Mtd DItI8r8nt PI8te
end Or8in Angi88 (Type 4-8)

4-8 needed all four foundation moduli: tooth-face and tooth-edge bearing
parallel to the grain, and tooth-face and tooth-edge bearing perpendicular
to grain. The load-embedment traces shown in Fig. 4 have been standardized
by adjusting the foundation moduli to a fictitious I-in. (2.54-cm) tooth
length. The embedment data were prepared for the theoretical modeling
by two methods: nonlinear regression and linearization. Load-embedment
traces with teeth (flat and edge) bearing perpendicular to grain demonstrated
a curvilinear behavior throughout the test [Fig. 4(c) and Fig. 4(d)]. For
these traces, the following polynomial equation provided the best fit for
nonlinear regression analysis:

P = Ad + Bd2 (13)

in which P = embedment load, d = deflection of tooth, and A and B =
coefficients depending on test data. The foundation moduli were taken as
the derivative of (13) at any given embedment and were adjusted for tooth
width and length (Table 2).

The load-embedment traces with teeth (flat and edge) bearing parallel to
the grain were linearized by dividing the traces into linear regions with
corresponding deflection limits that defined the extent of their validity (Fig.

1).

Prediction Aa:uracy

Single Tooth
When theoretical and experimental traces of individual specimens for

single-tooth, joint type 1 (Fig. 5) are compared, agreement is very close at
low loads, and then the curves drift farther apart in the upper balf of loading,
but come closer again as tbe load reacbes its ultimate value. At high loads,
predictions are consistently above observed values, due to the change in
geometry during the testing after some initial slip took place. Specifically,
at low loads with very small slips, most of the load was transferred through
the tooth. However, as slip increased and some withdrawal occurred, a
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FIG. 4. Typical Load-Embedment Traces for: (8) Tooth Flet-a.rlng Parallel to
Grain; (b) Tooth Edge a.rlng Parallel to Gr.ln; (c) Tooth Flet-a.rlng Perpendic-
ular to Grain; (d) Tooth Edge-a.rlng Perpendicular to Grain

compression contact developed between the toothless part of the plate and
wood. This compression contact added another component to the tooth-
withdrawal force, which accelerated the withdrawal and lowered the ulti-
mate load. The difficulty of perfectly aligning the load through the tooth
and contact surface betWeen the toothless plate and wood also caused
compression contacts and early withdrawal.
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(1.0) DISPLACEMENT. in. (nwn)

FIG. 5. ExperImental V8f8U8 T;-~ ~ Tr-. of Slip for: (a) Strtg'" Tooth Joint
Type 1, 8M Multiple-Tooth Joint (b); Type 2; (c) Type 3

Multiple Teeth
No apparent difference exists in the general shape of the experimental

data in Figs. 5(a), 5(b), and 5(c). This suggests a similar mode of failure in
all 15 specimens, namely tooth withdrawal. For four-tooth traces. the the-
oretical results are very close to the observed values as the load approaches
the ultimate value because the increased number of teeth minimize the
compression contact that developed for a single tooth. The larger number
of teeth kept the plate geometry from changing until near-failure loads were
reached.

Table 3 shows the predicted and the experimental ultimate loads for joint
types 1,2, and 3. In type 3, the tooth furthest from the wood-wood juncture
began withdrawing at approximately 80% of the ultimate load followed by
the tooth next to it, resulting in a gradual withdrawal of all teeth at failure.
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The multiple teeth in a row. which were equidistant from the wood-wood
juncture. all withdrew at the same time when the ultimate load was reached.
A paired I-test showed no difference in ultimate load between the teeth in
rows and in columns despite the different failure mechanism (p < 0.05).
The average ultimate load per tooth for column and row arrangements tested
against the experimental loads of the single tooth also showed no significant
difference (0 = 0.05). The true strength of single-tooth joints was not
reached due to their fragility. A small. but observable gap developed be-
tween the wood and plate before testing in spite of careful handling.

Complete Joint Tests
Variation in tooth size and local changes in the wood foundation modulus

were averaged for joints tested with complete plates. This gave load-de-
flection traces a more consistent pattern than occurred in types 1.2. and 3.
where some of the teeth were removed. The general shape of the experi-
mental and theoretical traces for test types 4 [Fig. 6(a)] are consistent with
joint types 1. 2. and 3 except for a sizable decrease in the deflection at
failure for type 4. The probable reason is the difference in the mode of
failure between the single-tooth joints (types I, 2. 3) and the complete joint
(type 4). For type 4, specimens 1 and 2 exhibited joint failure by tooth
withdrawal. specimens 3 and 5 failed. by truss-plate tensile rupture, and
testing of specimen 4 was terminated because the testing apparatus failed.

The theoretical model slightly underestimates initial joint stiffness for
teeth edge bearing parallel to grain [Fig. 6(b )]. Although the theoretical
and experimental ultimate loads are close, the shape of the deformation
curves differs, mainly due to the determination of the foundation modulus.
The loading head used for determination of foundation modulus with tooth
edge bearing was rectangular with one dimension being actual plate thick-
ness and the other tooth length. However. the cross section of punched-
plate teeth is somewhat crimped. causing an increase in the amount of tooth-
area bearing on the wood. The geometry and nonrectangular shape of the
tooth in edgewise orientation increases the bearing area. especially at high
load levels. Also. the somewhat sharp edges of the teeth cut wood fibers
before wood crushing occurred. resulting in rapid failure.

Teeth orientated on edge are more resistant to rotation at their junction
to the plate than are flat teeth. As loading approached collapse in type 5.
the moment at the tooth junction was transferred into the plate. causing
the plate to deform and rotate. Teeth furthest from the wood-wood contact
withdrew. increasing the moment in the remaining teeth, which caused a
chain reaction that culminated in failure.

The traces for joint type 6 shows trends similar to those of type 7 [Figs.
6(c) and 6(d)]. The edgewise orientation of teeth for type 7 had less effect
than for type 5 joints because splitting did not occur when tooth edges were
bearing perpendicular to grain.

The theoretical model for elbow joints accurately predicts behavior at
low load levels [Fig. 6( e)]. However. it deviates at near-failure loads when
teeth farthest from the center of rotation reach their carrying capacity. The
outer teeth cannot carry the additional load. resulting in partial tooth with-
drawal and plate buckling. which was not included in the model.

Table 3 compares the theoretical and experimental failure loads for joint
types 4.5.6. and 7. The strength of joint type 4 was generally governed by
tooth-withdrawal resistance; the model predicts the failure load of specimens
1 and 2 with sufficient accuracy. but is less accurate for specimens 3 and 5
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due to plate failure. Part of the inaccuracy is due to the selection of the
coefficient of friction. This coefficient is the mean value selected from a
study on nailed joints; the use of the mean value did not account for var-
iability. In addition. the coefficient does not take into account the collapsed
wood around the tooth. which may differ from that around the nail.

Specimens of joint type 5 with teeth edges bearing perpendicular to grain
all failed in withdrawal. Although a paired I-test showed no difference
between the theoretical and experimental withdrawal loads at the 5% sig-
nificance level. the model appears to slightly underestimate the ultimate
withdrawal load. This may be due to support fixity moment at the tooth
base. which caused large deformations in the plate. However. other factors
may be involved. such as inaccurate estimate and large variability in the
foundation modulus.

The failures of joint types 6 and 7 were characterized by wood failure in
tension perpendicular to grain prior to tooth withdrawal or excessive wood-
bearing deformation. Because failure load was based on tooth withdrawal
rather than wood failure. the theoretical failure load was overestimated.
Tooth withdrawal did occur. but only after wood failure.

CoNCLUSIONS

Implementation of a linear step-by-step loading procedure assisted with
representation of nonlinear response of the foundation. Theoretical analysis
based on a model developed by applying Runge-Kutta numerical analysis
accurately predicted the load-displacement traces and ultimate load for truss-
plate joints considering grain orientations and plate geometries. For single-
and multiple-teeth face bearing on end grain, similar load-displacement
curves and ultimate per-tooth loads were observed. Failure modes for com-
plete joint tests varied with tooth orientation and grain direction; teeth face
bearing parallel to grain failed by tooth withdrawal or plate tensile failure,
teeth edge bearing parallel to grain failed by plate peel back. and teeth
bearing perpendicular to grain failed in the wood in tension perpendicular
to grain.

The analysis presented uses the fundamentals of mechanics to define the
entire load-displacement trace of truss-plate joints and as such offers the
designer added information regarding component performance. The analysis
also allows the researcher to conduct rapid parametric studies and to in-
vestigate the elastic curve of a connector embedded in wood. The theory
is general in nature and can be used to model any barlike timber connector
that is embedded in a wood substrate.
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ApPENDIX II. NOTATION

The following symbols are used in this paper:

A, B = nonlinear regression coefficients;
b = tooth height;

d2t d2t d3 = deflection limits;
£ = tooth modulus of elasticity;
Ix = tooth moment of inertia at point x;
i = interval number;

k = foundation modulus;
kIt k2t k3t k4 = linear foundation moduli defined by deflection limits;

L = tooth length;
M = moment;
N = axial load;
n = number of Runge-Kutta intervals;
P = lateral load;
q = Runge-Kutta coefficients;
V = shear;

X, j = truss plate center of rotation;
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x = Cartesian coordinate;
y = tooth displacement

4,p = jncrementalload;
6..x = interval length; and

~ = friction coefficient.
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